The four-dimensional Wigner distribution function is determined from intensity profiles measured in the focused photon beam of FLASH (Free-electron laser in Hamburg) for a variety of photon beamline settings. The Wigner formalism results in comprehensive coherence information without the requirement of simplifying assumptions on the beam. The entire four-dimensional spatial mutual coherence function, horizontal and vertical coherence lengths and the global degree of coherence are derived and compared to Young's double pinhole measurements [Opt. Express 20, 17480 (2012)]. 
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Introduction
Free-Electron Lasers (FELs) can emit highly coherent and extremely brilliant radiation in the soft and hard x-ray regime with pulse lengths in the fs range. In the past years, these sources have opened new research opportunities in a many fields [1] [2] [3] [4] . In particular, coherent diffractive imaging (CDI) of biological cells, proteins or viruses [5] [6] [7] now opens up a broad new field of research in life sciences. This imaging technique strongly depends on a high flux of fully coherent photons. In conventional CDI, the coherence length of the illuminating beam needs to be at least twice as large as the lateral extent of the investigated object [8] . However, CDI results could successfully be achieved even with less coherent beams applying newly developed algorithms which take partial coherence into account [9, 10] . Yet, a comprehensive knowledge of the coherence properties of the employed beam is essential.
A standard approach to gain information on the coherence properties of a radiation field is Young's double pinhole experiment [11] which has been previously applied to both SASE (self-amplification of spontaneous emission) [12] [13] [14] and seeded [15] FEL beam sources. For single pulses the local degree of coherence between two points in the beam is deduced from the interference pattern generated by the two pinholes. Assuming a Gaussian Shell-model beam, it is possible to determine the coherence length of the beam and the global degree of coherence K by using various pinhole separations. However, in order to provide the entire four-dimensional mutual coherence function Γ ( x, s) with an adequate resolution hundreds of thousands of separate measurements are required.
As an alternative technique to determine Γ ( x, s) with acceptable effort, we use the formalism of the Wigner distribution function (WDF) h ( x, s), which is the two-dimensional Fourier transform of the mutual coherence function [16] [17] [18] . h ( x, s) can be determined by measuring a reasonable number of intensity profiles at various positions in the caustic of the FEL beam behind a focusing optic. Subsequently, a Fourier back-transform yields Γ ( x, s), and the coherence lengths as well as the global degree of coherence can be deduced.
This method is well known from studies with visible and excimer lasers [19] [20] [21] [22] . It has also been applied to synchrotron and FEL sources [23, 24] , but only under the assumption of separable beams, i.e. the intensity distribution I(x, y) can be always written as a product I(x) · I(y). This property applies to simple beam structures such as a Gaussian Shell-model beam, but it cannot be assigned to complex radiation fields. Here, we extend the formalism to include non-separable beams and apply it to the photon beam of FLASH under various experimental conditions. These results are compared to the existing studies employing Young's double pinhole experiment [14] .
Theory
The Wigner distribution h ( x, u) of a quasi-monochromatic paraxial beam is defined in terms of a two-dimensional Fourier transform of the mutual coherence function Γ [16, 18] 
where x = (x, y) and s = (s x , s y ) are two-dimensional spatial and u = (u, v) angular coordinates in a plane perpendicular to the direction of beam propagation and k is the mean wave number.
The marginal distributions of h ( x, u) with respect to x and u are always non-negative and yield the irradiance (near field) I( x) and the radiant intensity (far field) I ff ( u), respectively. The propagation of the Wigner distribution is discussed elsewhere [24] and results in the projection slice theorem of tomography [25] 
which states that each Fourier transformed intensity distributionĨ z ( w) at position z represents a two-dimensional plane with the slope z z R and the corresponding angle φ = arctan z z R in the four-dimensional reciprocal phase space (z R denotes the mean Rayleigh length, w = (w x , w y ) the reciprocal spatial coordinate).
When h ( x, u) is known, the centered second order beam moments can be computed by [17] 
(correspondingly for xu , u 2 , etc.) from which the following beam propagation parameters can be deduced [26] •
Analogue relations hold for the corresponding vertical parameters. The mutual coherence function Γ is related to the Wigner distribution through a twodimensional Fourier back-transform
from which the lateral coherence length l x (and correspondingly l y ) is derived by [27] 
The local degree of coherence is related to Γ through
Finally, the global degree of coherence K is given by
with the wavelength λ and the total power of the beam P = h ( x, u) d 2 xd 2 u.
Experimental
FLASH is a single-pass free electron laser based on the SASE (self-amplification of spontaneous emission) process. It provides highly intense, short-pulsed radiation in the wavelength range from 47 − 4.2 nm [28] [29] [30] . Since the exponential amplification process in a SASE FEL starts from shot noise generated by the electron bunch, the photon radiation itself is of stochastic nature and individual radiation pulses differ in their intensity, temporal structure, and spectral distribution. The measurements have been performed at beamlines BL2 and BL3 of FLASH with the FEL operating in single pulse mode at 10 Hz repetition rate. The bunch charge of the electron beam was set to values between 0.44 − 0.54 nC and the soft x-ray photon beam was generated with intensities in the range of 30 − 50 μJ. Two circular apertures are positioned in the photon beam 18.8 m and 23.3 m behind the center of the last undulator, i.e. the expected source position, to be able to confine the beam size. During the experiments always two apertures of equal size were used, available diameters are 10 mm, 5 mm, 3 mm and 1 mm. A general description of the FLASH user facility can be found in [31] . In our first measurement campaign at beamline BL3, the FLASH beam was tuned to a fundamental wavelength of 24.7 nm. The beam was attenuated by two filters, a 200 nm thick, meshless Zr filter and a 198 nm thick, meshless Al filter, to prevent saturation of the phosphor screen in the experimental setup, shown in Fig. 1 and described below. Thus, based on previous studies on the spectral composition of the FLASH beam [28, 32] and the theoretical filter transmissions [33] , we attribute 80% of the beam energy to the fundamental wavelength, 18% to the third harmonic and 2% to the fifth harmonic. Since the fundamental dominates for this attenuation scheme, we treat the beam as monochromatic at λ = 24.7 nm. During the measurements at BL2 (λ = 25.8 nm) a 101 nm thick Al filter together with a 420 nm thick Si filter were used, both self-supporting. This filter combination leads to a strong suppression of the higher harmonics and nearly 100% of the transmitted beam energy is concentrated in the fundamental wavelength.
The experimental setup is shown schematically in Fig. 1 . At both beamlines BL2 and BL3, the incoming FEL beam is focused by the ellipsoidal beamline mirror producing a focal spot 2 m behind the center of the mirror [31] . In our experimental setup a phosphorous screen, which is movable under vacuum, intercepts the beam in various positions along the caustic. Thus, the beam profiles are converted into visible wavelengths by the screen which has a grain size of 1 μm and a thickness of 4 μm. The screen is imaged by a 10x magnifying objective to a CCD camera with 1280 x 1024 pixels, each 6.45 μm in size and with a dynamic range of 12bit. Since single pulse exposures lead to saturation effects of the phosphor screen the exposure time is 1500 − 1800 ms comprising between 15 and 18 pulses depending on the attenuation scheme for the corresponding measurement. A motorized translation stage allows for an automated movement of the detector in beam direction which covers a range of up to ±11 Rayleigh lengths around the beam waist. An entire measurement involves 145 different positions z i being distributed as
with the mean Rayleigh length z R and equidistant angles φ i . This represents tight sampling close to beam waist becoming coarser further out. For the reconstruction of the Wigner distribution this results in a uniform mapping of the phase space.
Evaluation
Data evaluation starts with a background correction of the obtained intensity distributions by subtraction of a dark image and a small offset to eliminate noise effects. Then, via the second order moments method [34] , intensity profiles are centered and Rayleigh length z R and waist position z 0 are derived in terms of mean values for x-and y-direction, i.e.
In the following the mean waist position z 0 is chosen as the origin of the z-axis. Reconstruction of the Wigner distribution is done on a four-dimensional regular grid containing 129 4 cells. Following Eq. (2) the Fourier space of h is filled with data from intensity profiles measured at different positions z i . If more than one value contributes to a single cell, the arithmetic average is applied. For cells which remain empty after the mapping, an interpolation is being computed by the mean value of those adjacent cells which are non-zero. Finally, a four-dimensional Fourier back-transform ofh results the Wigner distribution function h ( x, u).
All beam parameters presented in this study are derived from the reconstructed Wigner distribution function as described in section 2.
Results
First, we discuss the measurement at a wavelength of λ = 24.7 nm with two 10 mm apertures in the beamline. After a discussion of the accuracy of the applied algorithm we investigate the influence of smaller apertures on the beam properties. As an example, three intensity profiles captured at various positions are shown in Fig. 2 . While close to the focal position, i.e. z = 0, the beam profile appears uniformly distributed, a modulation in x-direction develops for increasing distances. We assume that this can be attributed to small imperfections of the surface of the ellipsoidal mirror which would affect especially the horizontal propagation characteristics due to the orientation of its long axis (see Fig.  1 ) as it is under present investigation [35] . The Wigner distribution function h ( x, u), reconstructed from 145 intensity profiles as described in section 4, is shown in terms of projections h x (x, u) and h y (y, v) in Fig. 3 . This way, the properties of beam propagation are resembled separately for horizontal and vertical direction. Apparently, while h x (x, u) is distributed smoothly in spatial direction x, it shows a stripe structure in angular direction u. This is caused by the uniform near field profile and the developing horizontal intensity modulation when approaching the far field. In contrast, h y (y, v) is distributed rather Gaussian like for both axes y and v corresponding to the vertical properties of the intensity profiles in near and far field.
h is real, since the value of P = h( x, u)d 2 xd 2 u reveals a real part on the order of 1 and an imaginary part on the order of 10 −18 . Hence, the derived mutual coherence function follows hermitian symmetry.
From the Wigner distribution, we compute beam divergences θ u = 5. Singer et al with Young's experiment [14] . Evaluating the variance of the Gaussian fit functions exp −s 2 /(2σ 2 ) yields σ x = 5.5 μm and σ y = 7.2 μm, which is only slightly below the values of reference [14] which gives 6.2 ± 0.9 μm and 8.7 ± 1.0 μm for horizontal and vertical direction, respectively. Assuming a Gaussian Shell-model beam [36] , the following relation holds between the coherence length l, the variance σ of γ and the beam diameter d
Thus, we can derive coherence lengths from the values of Singer et al being comparable to our values for l, cf. Finally, employing Eq. (7) the global degree of coherence is K = 0.032. In comparison, K = 0.42 ± 0.09 derived from Young's double pinhole experiment at λ = 8.0 nm is significantly higher [14] . This can be attributed to the strongly different beam diameters in both measurements. At the three times shorter wavelength of 8.0 nm for Young's experiment compared to 24.7 nm in our case a significantly smaller beam diameter is to be expected. On the one hand, the multi pulse exposure in our experiment might lead to an overestimation due to a pointing instability, one the other hand, the evaluation of PMMA imprints can also result in underestimated beam sizes [37] . Since the relation
holds for a Gaussian Shell-model beam [36] , the global degree of coherence is strongly dependent on the derived beam diameters. Within the limits of this simplification and with our values for d x,y and l x,y K GS = 0.029 is calculated which is close to the value obtained by Eq. (7) . Hence, only the central fraction of the beam can be regarded as coherent and it can be approximated by an ellipse with the half-axes l x and l y . This is illustrated in Fig. 6 which shows the reconstruction of the intensity distribution at z = 0 according to I ( x) = h ( x, u) d 2 u together with the measured beam profile. Additionally, the coherent fraction of the beam is indicated by ellipses which are spanned by the coherence lengths and the beam diameters.
Here, it should be clarified that the applied formalism which reconstructs the Wigner distribution characterizes a large ensemble of individual pulses. Thus, pulse-to-pulse fluctuations in the coherence properties, as expected due to the statistical SASE process, are averaged to mean values. During Young's experiment, for a certain pinhole distance, many different values for the local degree of coherence have been measured for individual pulses. These fluctuations could be due to a pointing instability but could also well be attributed to inherent coherence fluctuations. However, in the Singer experiment only the most coherent pulses have been employed for evaluation which results in the best coherence properties that can be expected for the FLASH beam.
Accuracy estimation
In a previous work [24] , the Wigner distribution function has been reconstructed from a comparable data set under the assumption that the FLASH beam is separable. Here, the formalism is explicitly extended to non-separable beams. However, a four-dimensional distribution is reconstructed from a three-dimensional measurement. Thus, gaps will remain in the reciprocal phase space leading to a computed Wigner distribution which possibly deviates from the true Wigner distribution. This issue is addressed by the interpolation procedure described in section 4 but cannot entirely be eliminated. Therefore, the error of the derived beam properties due to the incomplete data set should be classified. First, for a comparison with the results derived above, the formalism that assumes a separable beam [24] is applied to the same data set. In that case, the mentioned gaps do not occur. Nonetheless, a simplification is employed that might not hold for the present beam, especially with regard to the rather complex intensity profiles in Fig. 2 . The beam parameters derived by the two-dimensional calculation are summarized in Table 2 together with the values from the four-dimensional formalism. Apparently, similar results are obtained for M 2 , θ and d 0 . A significant deviation is found for the coherence length and the global degree of coherence. The assumption of a separable beam yields smaller values, i.e., the global degree of coherence K sep = 0.020 is ≈ 60% lower than K non−sep = 0.032, derived for a non-separable beam.
Furthermore, a set of intensity profiles of a Gaussian Shell-model beam [36] is generated to benchmark the applied procedures. For this purpose, the same wavelength, waist positions, waist diameters and divergences are used as present during the measurements at FLASH. It can be expected that this synthetic beam occupies a comparable phase space as the FEL beam and that the gaps remaining after the mapping procedure are similar. The accuracy of the algorithm is then estimated by a comparison between the computed coherence parameters and their theoretical values. The employed intensity distribution is given by [36] The computed Wigner distribution function of the Gaussian Shell-model beam is depicted in terms of projections in Fig. 7 . It has been derived from the simulated intensity profiles with the four-dimensional formalism, i.e., without the assumption of a separable beam. Apparently, the reconstruction does not show any artifacts. This is still the case when a noise level is included, which is comparable to the experimental data. Thus, the structures in the corresponding distribution derived for the FLASH beam shown in Fig. 3 are very likely not due to numerical errors and can be attributed to physical properties.
In Table 2 all beam parameters derived for the Gaussian Shell-model beam are summarized and both evaluation methods are compared. It is revealed that from the Wigner distribution function all predefined beam parameters can be recovered with acceptably small deviations.
For instance, both procedures result in a global degree of coherence of 0.030 which is 20% above the theoretical value of 0.025. All other beam parameters are reproduced with better accuracy. 
Influence of apertures
In a second set of measurements, the influence of beam divergence was studied by placing circular apertures of different sizes ranging from 10 mm down to 1 mm in diameter into the FLASH beam as described in section 3. This technique is routinely used by FLASH users to confine the photon beam to their experimental needs. The results are summarized in Table 3 . As expected [38] , the coherence properties of the beam improve when employing smaller apertures. This is due to a reduction of the beam's divergence θ while its waist diameter d 0 stays more or less constant. Therefore, the Wigner distribution occupies less phase space in angular direction and, as a consequence of the wellknown Fourier relations, the extent of the mutual coherence function scales up in s-direction, i.e. the coherence length l grows. Since the fraction l/d increases, also the global degree of coherence is raised.
For the smallest aperture with a diameter of 1 mm, the coherence lengths are increased by a factor of ≈ 1.6. In this case, also the waist diameters have decreased to ≈ 78% of its previous value, what we attribute to the situation at a different beamline: although the FEL operating parameters were reproduced nearly as before, the beam properties might slightly differ since the beamline optic was not the same. As a benefit from both, a reduction of beam divergence and waist diameter, the global degree of coherence is increased by a factor of 6 to a value of K = 0.198.
Conclusion
From measured intensity profiles of the FLASH beam at λ ≈ 25 nm with apertures of 10 mm diameter, we reconstructed the four-dimensional Wigner distribution and the entire spatial mutual coherence function. Subsequently, we derived the coherence lengths to be 9.0 μm and 11.6 μm in horizontal and vertical direction, respectively. The global degree of coherence is computed to be K = 0.032. While the coherence lengths are in good agreement to previous studies at λ = 8.0 nm which employed Young's double pinhole experiment [14] , our value for the global degree of coherence is significantly lower. Since the Wigner formalism that we applied describes an ensemble of pulses, it yields mean values for the coherence properties. In contrast, in Young's experiment only the most coherent pulses were selected for the evaluation which results in maximum values for K and l x,y . We also experimentally investigated the benefit on the beam properties by application of circular apertures with diameters of 10 mm down to 1 mm. Our measurements reveal that the coherence lengths can be increased to 15.3 μm and 18.3 μm in horizontal and vertical direction, respectively, when employing the smallest apertures. In that case, we find a global degree of coherence of K = 0.198.
